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Abstract

The integral locus of symmetric algebras is shown to be an open set of

the Zariski topology. Then this result is used to give a primality criterion

for ideals of polynomial rings generated by a family of linear forms and

to study the Rees algebra of a submodule of a free module.

1 Introduction

Let  be a Noetherian domain, let  be a finite torsion-free -module and let

() be the symmetric algebra of 

In this note we prove that the set of points p ∈  such that (p) is

an integral domain (the integral locus of ()) is an open set of the Zariski

topology in . We use this result to give a primality criterion for ideals of

polynomial rings over  generated by a family of linear forms. As a consequence

of this result we can show that for every submodule of a free -module there

exists an open set  of  such that for all p ∈ then R (p) is a symmetric

algebra.

2 Integral locus

Let  be a Noetherian domain, let  be a finite -module and let () be the

symmetric algebra of  .

Theorem 1 The set of points p ∈  such that (p) is an integral domain

is an open set of the Zariski topology of .

Proof. Let  be the -torsion of (). By virtue of [3]  is a prime ideal.

Hence  is a finitely-generated ()-module and () is a finite set. More-

over by [2, (9.A) Proposition] we have

 =
 (()

0)
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where  is the rings homomorphism  :  −→ () Now we apply [1, Chapitre

IV, §1, 3, Corr. 1] to get that

 ⊂ 

and both sets have the same minimal elements.

Since  is a finite set we conclude that  is a closed set in 

Then r  satisfies the statement.

3 Applications

Let 1   be a family of linear forms of  =  [1  ] and set  =

(1  ) · 

Corollary 2 There exists an open set  of the Zariski topology of  such

that p is a prime ideal of  if and only if p ∈  .

Proof. Set  = 1 +  +  and  = 1 ⊕  ⊕ . From the exact

sequence

0 −→  −→  −→  −→ 0

we get

0 −→  −→  −→ () −→ 0

where () is the symmetric algebra of . Let p be a prime ideal of . Then
p is a prime ideal of (p) if and only if (p) is an integral domain and we

get the desired result from Theorem 1.

Corollary 3 Let  be a submodule of a free -module of finite rank and let

R () be its Rees algebra. Then there exists an open set  of  such that

for all p ∈  then R (p) =  (p) 

Proof. As it is well-known, R () is a factor ring of a polynomial ring modulo
a prime ideal, i. e., we have an exact sequence

0 −→  −→  [1  ] −→ R () −→ 0

By using the previous result for all p ∈  it follows that p is generated by

linear elements. Therefore R (p) =  (p) 

Let  be a factorial domain and let  be a torsion-free finite -module.

According to [3] we denote () the bidual of () over , i.e., () =

⊕
≥0

()
∗∗

Proposition 4 Assume that () is a finitely-generated -algebra. Then the

set of points p ∈  such that (p) is factorial is an open set of the Zariski

topology of .

2



Proof. Set  0 = ()(). By hypothesis  0 is a finitely generated ()-

module. Hence ()
0is a finite set. By virtue of [2, (9.A) Proposition] we

have, as in the Theorem 1, that


0 = (()

00)

We may now follow the same process as in Theorem 3 to get the desired

result.
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