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It is well-known that the usual theory of partial differential oper-
ators expansions (Vishik, Héormander, Berezansky, Dezin) or that is
equivalently, the general theory of boundary value problems has been
building in the Hilbert space Lo(£2). In this report a starting scheme
of theory building for expansions in Banach spaces will be brought
and first results of the theory will be obtained.

In a bounded domain 2 C R"™ we consider expansions of opera-
tor (initially given in the space C*(Q)) LT = Y aq(z)D*, D* =

o] <
(_5?))0' and its formal adjoint operator £ = > D%(a’(x) -),
o<t
where a,(r) — N x NT-matrix with entries (aq)i; € C®(Q), o’ (z)—
adjoint matrix.

For p > 1 and ¢ = p/(p — 1) we introduce graph norms ||ul|zp, =
lullz, @) + 1Lullz, @) lullzg: lullsp, [[ullz+ g Then we build min-
imal operators Lo, Lqo, L;FO and L;ro with its domains that are un-
derstood as the closing C§°(€2) in corresponding graph norms and
maximal operators L, := (L;O)*v L, := (L;;O)*, Ly, L. Each op-
erator Lyp = Lp|p(r,,) With property D(Ly0) C D(Lyp) C D(Lp)
is called an expansion (of L), and the expansion L,p : D(L,B) —
L,V =: By is called solvable if there exists its continuous
twosided inverse operator L;é : Bf — D(Lyp),

LppL,g =idgs, L aLyp =idp(r, ).

Here as usually one introduces the notion of boundary value prob-
lem in the form Lyu = f, I'u € B, where subspace B in bound-
ary space C(Lp,) =: D(Lp,)/D(Ly) (I' : D(L,) — C(Lp)— factor-
mapping) gives a homogenous boundary value problem similar the
Hormander definition. Two Vishik condition of Hipbert case turn
to four condition in Banach case: operator L,o has continuous left
inverse (condition (1,)) and the same about operators Lyo (condition
(1)), L}y (condition (1,})) and L (condition (17)). Then we prove
the theorems:

Theorem 1. The operator Ly has a solvable expansion iff the
conditions (1,) and (1) are fulfilled.

Theorem 2. Under conditions (1,), (1,) we have decomposition
D(Ly) = D(Lyo) ®ker L, & W), where W,— some subspace in D(Ly)
such that Ly, : W), — ker L} — an isomorphism.

Theorem 3. Under conditions (1,), (1)) any solvable expansion
L,p can be decomposed into direct sum L,p = Lyo ® LgB, where



LgB : B — ker Lljol— some isomorphism.

Theorem 4. Under conditions (1,), (1,) any linear subspace
B C C(Ly) such that 1) T;)* B Nker L, = 0, 2) there exists operator
M, : ker Ly — D(Ly) with properties: ) LM, =idly,, -1, ) ImM, C
L, ! B, generates a well-posed boundary value problem (i.e. a solvable
expansion L,p with domain D(L,g) = I'"!B).
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