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Non-smooth Spline-Wavelet Expansions 2

The simple methods for construction of chain of embedded spaces for the first order
splines are done with local enlargement of irregular grid. Wavelet expansions are
presented and independence of expansions with respect to the order of grid enlargement
is established.

Let X be irregular grid on the interval (o, 3) C R}, X {x;} ez,

X: . <rza<zp<m<...,
where
a= lim z;, 8= lim zj, Vi e Z.
j——00 j—+o0

We discuss the sets S; % (x;, 2j41) U (2541, Tj42), G = Ujez(@), 2j41)-

Let A% {a;};ez be a system of column vectors a; € R?, for which matrices
A; d:ef(aj_l, a;) are nonsingular for all j € Z; the mentioned system is called
complete chain of vectors. Set of all complete chains is denoted by A.

Let ¢(t) be two-component vector-function with linear independent components
on arbitrary interval (a,b) C G. We define functions wj(t), t € G, with
approximation relations

ai_lwi_l(t) -+ azwi(t) = gp(t) vVt € (SUZ', xi+1> Vi € Z,

wi(t)=0 VvteG\S; VjeZ.

Let S be linear space: S = S(X, A, ¢)=Cl, L{w,}jez; here £{...} is
linear hull of set that contained in braces and Cl, indicates closure in point
convergence topology.

Suppose ¢ € C*(a, ) for a nonnegative integer s. By definition, put
o\ o) () Vi € Z.
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Theorem 1. ]f{gogs)}jez is a complete chain and a; d:efgogfil, then relations

wj(-s) € C(a, B) are correct.

For fixed k € Z we discuss the knots ;= x; for j < k, and 7; “x;,4 for j >
k +1, and consider a new grid X1y 0 ... <ZT_1<Zp <2 <....

By deﬁnition, pU.t éd;f UjeZ(%ﬁ%j-ﬁ-l)? gjdj(%j,%j_ﬂ) U (%j+17%j+2)- Let
gd:ef{ﬁj}jez be complete chain of two-dimensional vectors. Suppose vector
function () is defined on the set G. As before, taking into account the

approximation relations

500 =),  H)=0 viel\S,
JIET

~

we define functions w;(t). The linear hull S(X 11y, A, ¢) of functions {W;} ez
is a space of splines of first order: Sp41 = S(X (413, 4, ©) = Cl, L{D;} ez
Suppose that

a; = 575,7 for ] < k — 1, Aj41 = /Ej-ﬁ-laj for ] > k7 (1)

where ¢; are nonzero constants (j € Z).

Now we fix a chain A € A and consider the chain A depending on the vector
a; = a, so that A = A(a). Suppose A(a) € A. We put S(a)='S(X, A(a), ).

Theorem 2. If relations (1) are fulfilled and A, A(a) € A, then Sy1 C
S(a).

By definition, put w(®)Z (... ,w_o(t),w_1(t),wo(t),wi(t), wa(t),.. )T,
D) Z (.. 0 a(t), w1 (t),D0(t), w1 (t), @a(t),.. )T,

Theorem 3. If the condition (B) is valid, then W(t) = Pyiyw(t); here
m(k+1)(j§f (pij)ijez is infinite matriz with elements p; ; defined by equalities

pm' = 'c}él-d- fOT’ 1 < ]C—Q, j - Z, pm' = Ez'+15i+1,j f07’ 1> k—f—l, j - Z,

pr—1,;, =0 for je€Z\{k—1k}, Pr_14-1= Cr1,
Pr—1k = Ch—1 dotlar, ar+)
o ~det(ap_1, ap1)

~ det AL_1, Ak
Prk = Chil (811, )

. P =0 for jeZ\{k k+1},

. Phk+1 = Chil.
det(ag_1, art1)

Matrix P41 is called embedding matriz.
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Let {g;}iez be a prolongation onto S of biorthogonal system to the system
{&;};ez with property suppg; € [T;,%; +¢) Ve > 0. If ¢ € C'(a,3) and
| det(p, ") (t)| > 0Vt € (o, ), then the mentioned prolongation exists.

By definition, we put q; ;% (g;, w;), Q(Hl)dj(qi,j)i,jez. The matrix 9y is
called prolongation matriz.

Theorem 4. The relations
Gij=0,;/¢;  forj<k—1 Vi€Z, q;=0 VieZ\{k—1k},

1 det(agy1,ax) - 1 det(ag_1,a%1)

dik—1 = = )
Cr+1 det(ag—1,a)

qQik+1 = 0 ViezZ, qij = 52'—&-17]'/5]' fOT‘j >k+2 VieZ

Ek+1 det(ak_l, ak) ’

are true.

Theorem 5. Matriz Q1) is left inverse matriz to the matriz Bl

(k+1)’
Q(lﬁ—l)mﬁ-u) =17, (2)

where J 1s identity matrix. N

Define an operator P41y of projection of the space S on the subspace Sy1
by relations

P(k+1)ud;f <§], u> &j vu E S
J

By definition, put Q11) = I — P41), where I is identity operator in S.

The space Wy, d:efQ(kH)S is called the wawvelet space.

Thus we have the direct expansion

S = Ski1 4 Wi, (3)
We get the formula of reconstruction:
C= m%;g—&—l)a‘ + b? (4)

where

adf(. ..,a_1,009,071, .. .)T,bd;f(. .. ,b_l,b(),bl, .. .)T,Cdjf(. ..,C_1,Cy,Cq, .. .)T.

Vector c is called an origin flow, vector a is called a main flow, vector b is
called a wavelet flow. Multiplying both sides of (4) by matrix ;1) and using
the property (2), we obtain the formulas of decomposition:

a = Q(kJrl)Ca b=c-— m%;g+1)g(k+1)c-
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Theorem 6. Formulas of reconstruction for spline-wavelet expansion (3)
are
cj = cjaj + b, for 7 <k-—1,

~ det(ak, ak+1) det(ak_l, ak)

Cr = Ck—1

)akq + Crt1 ay + by,

det(ag_1, ag+ det(ay—_1, api1)

Cj :E}aj_1+bj fO?" 7> k+ 1.

Theorem 7. Decomposition formulas for expansion (3) are

aj =c;/¢;  for j<k-—1,

1
a == <d€t(ak+1, ag)cp_1 + det(ag_1, ak+1)0k)/det(ak:—17 aj),
+1
a; = cjy1/Cjy1 for j>k+1, b;=0 Vi e Z\{k + 1},
b det(akH, ak) det(ak_l, akﬂ)
k+1 = Ck+1 — k—1 —

det(ag_1, ay) det(ag_1, ax)

In previous part of the paper we discuss the wavelet decomposition connecting
with removal of one knot. Now we can delete a sequence of knots; in such case
we have the next assertion.

Theorem 8. The discussed spline-wavelet expansion doesn’t depend on the
order of removal of the knots.
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